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1 Introduction 

Let f2 be a bounded domain of R N , N > 1 and g a nondecreasing continuous function denned 
on K and vanishing on (— oo, 0]. This article is concerned with the following question: Given 
a positive Radon measure v on J7, does it exist a largest Radon measure (i below it for which 
the initial value problem 

d t u - Au + g(u) = inQ T :=rix (0, T) 

u = in dtQx ■= dCl x (0, T) (1.1) 
u{., 0) = fi in Q. 

admits a solution! Whenever /i exists, it is called the reduced measure associated to v. A 
positive Radon measure for which (|1.1 \ is solvable is called a good measure. This type 
of problems is now well understood for nonlinear elliptic equations. This relaxation phe- 
nomenon appeared in the measure framework in the paper [llj by Vazquez dealing with 
solving the problem 

-Ati + e"" = fi inM 2 . (1.2) 

He proved that the reduced measures is the sum of the non-atomic part of \i and the atomic 
part where the coefficients of the Dirac masses at any atom a are truncated from above at 
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the value 2ir/a. Recently the general relaxation problems for the nonlinear elliptic equations 



{—Am + g{u) = fj, in C 

u = in dQ 

and 

f -Au + g(u) = inflc: 



pJV 

(1.3) 



JV 

(1.4) 



I u = /J, in 90 

are studied respectively by Brezis, Marcus and Ponce [3] and Brezis and Ponce [I]. They 
prove the existence of a reduced measure /x* and study its properties, in particular its 
continuity properties with respect to the capacity W 1,2 for problem (|1.3 p . or the (N-l)- 
dimcnsional Hausdorff measure for problem (|1.4 p . 

In this article we study the initial value problem in this perspective and we prove that 
for any positive bounded Radon measure fi in O there exists a largest measure (J,*, smaller 
than n such that (jl.l \ is solvable. We study the set of good measures relative to g and 
prove that any good measure is absolutely continuous with respect to the Hausdorff measure 
H N . In a similar way we study the Cauchy-Dirichlet problem 

d t u - Au + g(u) = in Q T := x (0,T) 

u = ^ in <%Q T := 50 x (0,T) (1.5) 
u(.,0)=0 in 0, 

and we prove that the reduced measure is absolutely continuous with respect to the same 
Hausdorff measure H N . 

The proof of many results here follows the ideas borrowed from the theory of reduced 
measures for elliptic equations as it is developed in [3] and pQ. We choose to expose them 
for the sake of completeness. 



2 Initial value problem 

In this section O is a bounded domain in R N and p(x) = dist (x, <9f2). We denote by 971(0) 
the set of Radon measures in O and, for a € K, by 9Tt a (fi) the subset of \i G 971(0) satisfying 

p Q (x) d \fj,\ < oo. 

Thus 971" (O) is the positive cone and 97l ( j_(0) the set of bounded measures. For q 6 [1, oo), 
we denote by L* Q (0) the corresponding weighted Lebesgue spaces. For < r < a < T 
we set Q Tt a := O x (r, a), Q a := x (0, a) and denote by diQ r ^ a := dil x (r, cr] and 
diQcr ■= dft x (0, a] the lateral boundary of these sets. Throughout this paper we make the 
following assumption on g 

g is a nondecreasing continuous function defined on K and vanishing on (— oo, 0]. (2.1) 
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Definition 2.1 Let // G 9j£j_(f2). j4 function u G L 1 (Qt) is a weak solution of 11,1 J) m 
G L^Qt) and 



(-udtC - uA( + ( g(u)) dx = / (2-2) 

Qt 

/or aZZ C € ^Vo (Qt)j which is the space of functions in C 2 ' 1 (Q T ) which vanish on dfl x 
[0,T]uHx {T}. 

We define in a similar way a weak subsolution (resp. supersolution) of (jl.l | by imposing 
the same integrability conditions on u and g(u) and 

(-udtC - uAC + (g(u)) dx dt < (dfi, (2.3) 

J J Qt JO. 

resp. 

(-ud t ( - uA( + ( g(u)) dx dt > Cdfi, (2.4) 



Qt Jn 
for all positive test functions in the same space. More generally we define a subsolution 
(resp. supersolution) of equation 

d t u - Am + g(u) = in Q T (2.5) 

as a function u G Lj oc (QT) such that <?(u) G L\ oc (Qt) and 

(-tt9 t C - ttAC + C 9{u)) dx dt < 0, (2.6) 

Qt 

resp. 

// {-ud t (-uA( + (g(u))dxdt>0, (2.7) 

for all positive test functions £ in the space C ' (Qt)- 

If a solution of (jl.l |) exists, it is unique, and we shall denote it by w M . It is not true that 
problem (jl.l |) can be solved for any positive bounded measure \i although it is the case if 
/i is absolutely continuous with respect to the N-dimensional Hausdorff measure H N . 

Definition 2.2 A measure for which the problem can be solved is called a good measure 
relative to g. The subset of 9Jt^(f2) of good measures relative to g is denoted by Q ' (g). If 
/i G (f2) belongs to Q ' (g) for any g satisfying \2.1 j) . is called a universally good measure. 

There are many sufficient conditions which insure the solvability of (jl.l p . for example 



g(E\p])p(x)dxdt < oo, (2.8) 

r 

where E[fj] is the heat potential of /i in il, that is the solution v of 

d t v — Av = in Q T 

v = in d e Q T (2.9) 
w(., 0) = /i in f2. 
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We recall the parabolic Kato inequality 
Lemma 2.3 Let W be a domain in fl x E, v £ Lj oc (W) and h e Lj oc (W) such that 

-d t v + Av>h inV'(W). (2.10) 

Then 

- d t v+ + Av+ > hx[ v >o] mV'{W). (2.11) 

Proof. Let {o-j} be a regularizing sequence with compact support in the N + 1 ball B ej (0) 
(ej — ► as j — > oo), and Vj = v * crj. H V C W is such that dist (V, W c ) > 0, Uj is defined 
in whenever ej < dist (V, W c ). Then 

- d t vj + Av 3 >h 3 =h* o~j in 2?'(F), (2.12) 

and everywhere in V. For 5 > let 

r if r < -5 

{r + 5f 



js(r) 



if - (5 < r < 



25 
S 

r + - if r > 0. 



Since 



and </> € Co°(W) is nonnegative and has compact support in V, it follows that 



js{vj) (dtp + A(f>) dxdt > / j's(vj)hj(f> dx dt. 
w Jw 

Letting j — > oo, and using the fact that js and j' s are continuous and, for some subsequence 
still denoted {ej}, {(v ej , h tj )} converges to (u, /i) in L] oc and almost everywhere in W, we 
derive from the Lebesgue theorem 



js{v) (d t <f> + A4>) dxdt> I j' s (v)h<j)dxdt. 
w Jw 

Now jg(v) converges to v + in Lj oc and j' s (v(x,t)) converges to if v(x,t) < and to 1 if 
v(x,t) > 0, i.e. to X[v>o]- Using again the Lebesgue theorem, we obtain 

v + (dt4> + Aip) dx dt > / X[v>a]h(j> dx dt, 
w Jw 

which is f2~TF|l . □ 

Remark. In an equivalent way, we can state Lemma 12.31 as follows: If v € Ll (W) and 
h 6 L\ oc (W) are such that 

d t v-Av<h inV'(W). (2.13) 

Then 

d t v+ - Av+ < h X[v > 0] in V\W). (2.14) 
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Definition 2.4 Let u G L\ oc (Qt)- 1- We say that u admits the Radon measure \jl as an 
initial trace if it exists 



esslimt^o / u(.,t)0dx = / (j)d)j, V^i £ Co(O). 
Jn Jn 



(2.15) 



We shall denote \i — Trn(w). 

2- We say that u admits the outer regular positive Borel measure v w (S, (i) as an initial 
trace if it exists an open subset 1Z C £1 and fi G 971+ (1Z) such that 

esslinit^o / u(.,t)<£dx = / c/)dn G C (K). (2.16) 
Jn Jn 

and, with S — fl \ 1Z, 

esslim t ^o / u(.,t)0dx = oo G Co(0), <f> > 0, <f> > somewhere on S. (2-17) 
Jn 

We shall denote v = tro(u). 

The trace operator is order preserving. The proof of the following result is straightforward. 

Proposition 2.5 Let u and u in L] oc (Qt)- 

1- Suppose Trfi(u) = /i and TVq(m) = fi. Then 

u<u=^fi<fi. (2.18) 

2- Suppose trn(u) = v « [S,\i) and trn(u) = v ~ (S,fi). Then 

u < u S C S and pis? < f^s c - (2-19) 

The next classical results characterize the nonnegative supersolutions or subsolutions. We 
give their proof for the sake of completeness. 

Proposition 2.6 Let u G L 1 {Qt) be a nonnegative supersolution of H2.5 \) in Qt such that 
g(u) G L 1 (Qt)- Then there exists a positive Radon measure such that /j = Trn(u). 

Proof. IfO<cr<r<T are two Lebesgue points of t i— » ||u(.,i)|| L i and <p £ ^ — 0, 

we set Qo^r = x (<r, r), take C(x, i) — X[ct.t](0 < / > ( ;c ) ( D Y approximations) and derive from 
the definition that 



u(.,r)(j)dx - I u(.,a)(j)dx+ / / (~uA( + ( g(u)) dx dt > 0. (2.20) 
n J J Q„, T 



Set 



H(a) = // (-uA<j> + <f> g(u)) dx dt 

J J Q«,T 

Then H G L 1 (0, r) and the mapping 

o~ i — ► \I/ (fj ) = u(.,a)<j)dx - H(a) 
Jn 
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is a.e. nondecreasing on (0, r] and it admits an essential limit £(</>) G K as a — > 0. Therefore 
it exists 

^(^) = esslimo-^o / a)4>dx, 
and the mapping 4> i— > £(0) defines a positive Radon measure /z in f2. □ 

It is possible to get rid of the integrability assumption on u if it is assumed that u 
vanishes on the boundary and $1 is bounded. 

Proposition 2.7 Let u be a positive super solution of \2.5 \) in Qt which vanishes on diQx 
in the sense that \2.J± [ ) holds for all nonnegative C, G C^(Q T ). If g(u) G L^Qt), there 
exists /i G 9Jt^(f2) such that fj, — Trfi(u). 

Proof. As a test function we take ^(ar, t) = X[a.T]{t)4'i{ x ) where <pi is the first eigenfunction 
of —A in W 1,2 (f2), 4>i > and Ai the corresponding eigenvalue. Thus (|2.20 [) is replaced by 

u(.,T)(f>idx - / u{.,a)4> x dx+ I I (\m + g(u)) fadxdt > 0. (2.21) 

JQ. if! J J Q a , T 

If we set 

X(t) = u(f>idxdt, 



and 

= / / 4>i g{ u ) dx dt, 

then (|2.21 p reads as 

X'{a) + XiX(a) + G{a) > X'{t) a.e. < a < r, 

which yields to 

-|- (V lff A» - y T e Alt (G(i) - X'(r)) dt^ > 0. 

The conclusion follows as in Proposition ^. 61 Notice also that another choice of test function 
yields to u Gi x (0). □ 

For subsolutions of (|2.5 |) we prove the following. 

Proposition 2.8 Let u G L 1 (Qt) be a nonnegative subsolution of K2.5 )) in Qt such that 
g(u) G L 1 (Qt)- Then there exists a positive outer regular Borel measure v on ft such that 
v = tr n {u). 



Proof. Defining H as in the proof of Proposition 1 2 . 61 we obtain that 

a=>^(a)= / u(.,a)<pdx + H(a) 
Jn 

is nonincreasing on (0, r] and it admits a limit L*(<f>) G (— oo, oo] as a — > 0. For any £ G SI 
the following dichotomy holds, 



G 



(i) either there exists a <f> € C*o(^) verifying > such that L((f>) < oo, 

(ii) or for any (f> G Cq(^) verifying (/>(£) > 0, i(^>) = oo. 

The set 7Z(u) of £ such that (i) occurs is open and there exists fi € such that 

= / 0dp V0 e C (ft(u)). 

The set S(u) = f2 \ is relatively closed in fl. Further, if G Co(d) is nonnegative and 
positive somewhere on S(u), there holds 

esslim t _»o / u(., &)<f> dx = oo. 
Jn 

The outer regular Borel measure v is defined for any Borel subset E C by 



!/(£?) = 



\ oo 3 if £ n 5(it) # 



□ 



The next lemma is the parabolic counterpart of an elliptic result proved in [4] 
Lemma 2.9 Let f G Lp(Q T ) 



/ / ^(ftC + A C)^ dt = - [ [ fCdxdt 



for every ( G C^' (Qt)- Then 



lim n 

n — >oo 



// 

J J Q T n{p 



\u\ dx dt = 0. 



(2.22) 



(2.23) 



Proof. We assume first that / > 0, then u > 0. Let H be a nondecreasing concave C 2 
function such that H(0) = 0, = -1 for < t < 1 and H(t) = 1 for t > 2. Let £ be 

the solution of 

' dtto + A£ = -1 in Q T 



&(.,T) = in ft 

Co(x,<) = o inafix[o,r] 



(2.24) 



Let io n = n H(n£o), then 



-0u; B - A Wn > -ni/"« ) |V£ | 2 > «X {5o< „_ 1} Ve | 2 ■ 



Therefore 



fw n dx dt = — 



u{d t w n + Aw n )dxdt > n 



/ / \V£ Q \ 2 udxdt. 

J J Qt 
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But w n < min{^o, n }, therefore, by the Lebesgue theorem, 



0= lim / / fw n dxdt= lim nil |V£o| udxdt. 
™~ + °° J J q t ™-*°° J J Q T 

Let e > 0, by Hopf lemma on Qt-e, there exists ci > 0, C2 > such that |V£o| > c i on 
<9f2 x [0, T — e]; thus c 2 £o < P < c^ 1 ^ and 

lim nil udx dt = 0. 

n -*°° J J QT- e n{eo(x)<n-i} 

Clearly we can extend / to be zero for t > T and u to be the weak solution of 

dtu + Ait = in Qr.T+e 
u(.,T) = u(.,T) bxCl 
u(x,t) = in dfl x [T,T + e}. 

Notice that it is always possible to assume that T is a Lebesque point of t i-> ||u(.,t)|| L i 
inasmuch this function is actually continuous. Replacing T by T + e, we derive (|2.23 p . Next, 
if u has not constant sign, we denote by v the weak solution of 

d t v - Av = \ f\ in Q T 
u(.,0) = infi 
v(x,i) = in<9fJx[0,T]. 

Then |u| < v and the proof follows from the first case. □ 



Lemma 2.10 Let f £ Lp(Qx) and u G L 1 (Qt) suc/i i/iai 



it(<9 t C + AQdxdt < // fCdxdt 

Qt J J Qt 



(2.25) 



/or every £ £ G^o(Qt)> C ^ 0. Then, for the same class of test functions C, there holds 



(d t C + A()u + dxdt < 



Qt 



f( dx dt. 



)Tfl{u>0( 



(2.26) 



Proof. By Lemma CLl §ZM} holds for any C G C^{Q T ). Let { 7 „} be a sequence of 
functions in C ' (Qt) such that < 7„ < 1, 7 n (ir,i) = 1 if p{x) > n^ 1 or t > n^ 1 , 
||V7„|| Loo < Cn, \\Aj n \\ Laa < Cn 2 and ||9t7n|| i0 o < Cn. Given C > in C l ' Q (Q T ), (~f n is 
an admissible test function for Kato's inequality (|2.26 p . thus 



(<9*(C7n) + A((j n ))u + dx dt < 



-n{«>0} 



f(C ln )dxdt. (2.27) 
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When n — > oo the right-hand side of (|2.27 p converges to the right-hand side of ([2.26 p . 
Moreover d t (C"f n ) = J n d t ( + C<9*7n, V(C7n) = 7«VC + CV7™ and A(C7„) = 7™ AC + CA7™ + 
2VC-V7„. Thus 

a t (C 7 n) + A(C7n) = IndtC + C5t7« + 7 «AC + C,A ln + 2VC-V 7 „. 
Since £ vanishes on dft x [0, T] and is bounded with bounded gradient, there holds 

(Cdtln + CA 7 « + 2VC-V7„) u+ dx dt 

Qt 



<Cn I I u + dx dt 

Q T n{p(x)<n-i} 



which goes to as n — > 00. This implies (|2.26 [) . □ 

If we deal with subsolution or supersolutions of problem (11.1 I) we have the following 
results 

Theorem 2.11 Let \i G and u be a nonnegative subsolution of 11. 1 \) . Then the 

initial trace of u is a positive Radon measure fx such that /Lt < ji. Furthermore, if 11. 1 \) 
admits a weak solution u^, there holds u <u^. 

Proof. Step 1. There holds fi < If a is a Lebesgue point of 1 1— > ||u(., and <f> G Cq(Q), 
4> > 0, we can take C( x ->t) — X[o,a] W'M 2 ') (by approximations) and derive from (|2.3 p that 



u(.,a)4>dx+ / / (-uA( + (;g(u))dxdt < / fidfi, (2.28) 
2 J J Q„ Jn 

thus, by Proposition 12.81 using the fact that u G L 1 (Qt) and g(w) G L^Qt), 

ess lim / u(.,cr)0dx< / <£d/z. (2.29) 

It follows that the initial trace v ~ (S(u),fl has no singular part (S(u) = 0) and ft, < /i. 
This implies that <^> 1— » m(<^>) is a measure dominated by that we shall denote by fi. It 
represents the initial trace of u, and we shall denote it by 

fi = Tr n (u). (2.30) 

Next we take £ G C^^Qy), £ > 0, and get at any Lebesgue point a as in Proposition 12.61 
Proposition 12.81 

// (-ud t (-uA( + (g(u))dxdt< u(.,a)Cdx, 

J J Qcr,T Jn 

we derive, by letting a — > 0, 

/Y (-ud t C-uA( + (g(u))dxdt< [ ((.,0)dfi. (2.31) 

J J Q T Jn 
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Step 2. There exists Ujx and Ujx < u^. For k > set <?fe(r) — min{g(r), k} and let u = be 
the solution of 

ftu - Am + ff fc (u) =0 in Q T := x (0, T) 

it = in <9 £ Q T := 5fi x (0, T) (2.32) 
0) = /i in f2. 

Denning in the same way u k , we obtain u~ < u^, u~ > and u^> u k ^ > for k' > k > 0. 
If C S C^' is nonnegative, there holds 

(g k (u*)dxdt= [Cdn+ [[ (d t C + A()u*dxdt. (2.33) 

JO J J Qt 

Clearly converges to some U > when k — > oo, the right-hand side of (|2.33 \ converges 
to 

fcdn+ff [d t C + AC) Udx dt, 
and gk(u^) converges to g{U) a. e. By Fatou 

(g(U)dxdt < liminf / / ( g k (u k )dx dt, 

thus, using the monotonicity of g, 

Cg{u^)dxdt< / / C,g{U)dxdt< [ (dfi+ [ (d t ( + AC) Udxdt. (2.34) 
J J q t Jn J J q t 

Because satisfies (|2.2 I) , all the three terms in (|2.34 p are equal, U = and 

lim // C,g k {u k )dxdt= // C,g{u^)dxdt. (2.35) 

fc— *°o J i Q T J J Qt 

Next m~ decreases and converges to some U, gkiufy — * g{U) a.e., and 

(g(U)dxdt< lim / / ( g^u^dx dt = [ (dfi+ [ [ (d t ( + AC) Udxdt. 

k^ooj J q t J n J J Q T 

(2.36) 

Since < C <7fc(w~) < (gk(u k ). In order to prove that 

lim // Qg k (uf)dxdt= [ [ Cg{U)dxdt, (2.37) 

k^coj J Qt J J Q T 

we use the following classical result : Let h n > h n > two sequences of measurable functions 
in some measured space (G, X, dm) which converge a. e. in G to h and h respectively. Then 

lim / h n dm — I hdm ==>■ lim / h n dm = / hdm. 
™^°°Jg Jg n ^°°Jc Jg 
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Therefore flX5g]) implies (pOT) . From (pOSl we get 

(g(U)dxdt= [ (dft + [ [ (d t ( + AC) Udxdt. (2.38) 



This relation is valid with any £ S ^(Qy) with constant sign. It implies in particular that 
Ttq(U) — ft. Thus up exists and U = up. 

Step 3. We claim that u < up. Set w = u — up,, it follows from (|2.31 p . 



(-wdtC - wA( + (g(u) - g(up))() dxdt<0 (2.39) 

J J Qt 

for any £ € C^q(Q t ), £ > 0. Using Lemma 12.101 we derive 

(-(dtC - AC)w+ + +(g(u) - g(un))C) dxdt <0 (2.40) 



Q T n{w+>0} 

We take C = Co given by (|2.24 p . Since g is nondecreasing, we derive 

w+dxdt<0. (2.41) 

) T n{t«+>o} 

Thus u < up < u^. □ 

Remark. It is noticeable that Step-2 of the proof of Theorem 12.111 can be stated in the 
following way. ///i £ 971^(17) is a good measure, any measure ft such that < ft < /i is a 
good measure. 

Consider /i S 97ti_(^)- The relaxation phenomenon associated to (jl.l p can be con- 
structed in the following way. Let {gk} be an increasing sequence of continuous nondecreas- 
ing functions defined on R, vanishing on (— oo,0] and such that 

(i) < g k {r) < c k r p + c' k Vr > 0, Vfc > 

(ii) Urn g k {r) = g(r) Mr e M, *- 2 ' 42 ^ 

k — >oo 

for some positive constants c k and c' k and p S (1, (iV + 2)/(N + 1)). Since ()2.8 p is satisfied, 
there exists a unique solution u = u k to 

dtu — Au + gk(u) = in Qt 

u = in diQ T (2.43) 
0) = /j in 17. 

It is noticeable that, if the assumption [i 6 971^(0) were replaced by fi G 971+ (f2), the 
exponent p in ()2.42 p should have been taken smaller than (N + 2)/N. In the sequel C will 
denote a positive constant, depending on the data, not on k, the value of which may change 
from one occurrence to another. Our first result points out the relaxation phenomenon 
associated to the sequence {u k }- 
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Theorem 2.12 When k — > oc, £/ie sequence {uk} converges in L x (Qt) a some nonneg- 
ative function u* such that g(u*) s LtAQt), and there exists a positive measure fi* smaller 
that \x with the property that 

d t u* - Au* + g(u*) = inQ T 

u* = in diQr (2.44) 
u*(.,0)=ju* inn. 
Furthermore u* is the largest subsolution of problem 11. 1 )) . 
Proof. By Lemmal.6] there holds 



IKIIl* + llflfc(«fc)llii < C / P d ^ ( 2 - 45 ) 
p Jn 

and, by the maximum principle, 

u k < E\p] in Q T . (2.46) 

For any e > we denote Q e ,T — ft x [e,T]. Since E[/i] is uniformly bounded in Q £ ,t for 
any e > 0, it follows by the parabolic equations regularity theory that, Uk is bounded in 
C 1+a,Q / 2 (Q £j T) for any < a < 1. Furthermore, if k' > k, gk'(uk) > gk(uk) thus Uk is a 
super-solution for the equation satisfied by uy- This implies Uk > Uk> and u* := lim^oo Uk 
exists and satisfies 

u* < E[/i] in Q T . 

Because of (|2.46 I) uniform boundedness holds also in L p (Qt), for any p 6 [1, (iV+2)/(iV+l)). 
By the Lebesgue theorem the convergence occurs in L p (Qt) too, for any p G [1, (N+2) /(N + 
1)), and locally uniformly in Qt by the standard regularity theory. By continuity gk(uk) 
converges to g[u*) uniformly in Q e ,T, thus u* satisfies 

d t u* - Au* + g(u*) =0 in Q T 

and vanishes on OiQt- By the Fatou theorem 

/ / g(u*)( t dxdt < liminf / / gk(uk)Cdxdt, 

J J Q T ' k ^°° J J Q T 

for any £ £ C(Q T ), C > 0, and there exists a positive measure A in Qt such that 

5fc(wfe) -> + A, 

weakly in the sense of measures. Thus for any £ G C e ' Q (Q T ), there holds 

{-u*d t (-u*A( + g(u*)Odxdt= I ({x,0)dfx- [ I (d\. (2.47) 

r Jn J J Qt 

Since gk(uk) converges to g(u*) uniformly in Q £i t f° r an y £ > 0, the measure A is concen- 
trated on SI x {0}. We denote by A its restriction to O x {0}, set 

li* = fi - A, 
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and derive from (|2.47 |) , 

(-u*dt(-u*A( + g(u*)()dxdt= I ((x,0)dfi*. (2.48) 



Q 

This implies u* — u^* and Trn(u*) = /i*, thus /i* is a positive measure. Let v be a 
nonnegative subsolution of problem (|2.2 p . By Proposition 12 . 81 there exists jl £ 9Jti_(f2) such 
that Trn(v) — jl and p. < fi. Since gk(v) < <?(«), u is a subsolution for problem (|2.43 [) . By 
Theorem 12. 111 ?; < itfe := itfc ljLl . Thus lim^oo Uk — u* > v . □ 

Theorem 2.13 The reduced measure fi* is the largest good measure smaller than [X. 

Proof. Clearly fi* is a good measure smaller than ll. Assume now that ji is a good measure 
smaller than \x. Then is a subsolution for problem (|2.2 j) . By (Theorem 12. lip u M » is 
larger than u^. Thus Tr n (up,) = jl < Tro(w p ») = fx*. □ 

The next technical result characterizes the good measures 

Theorem 2.14 Let /i 6 9Jl+(0). 27ien G Q n {g) if and only if gk(uk) — > .9(1*) m £/ie wea/c 
sense of measures in OT 1 (Qt)- 

Proof. Assume gk{uk) — > <?(u) in the weak sense of measures in OJI^Qt)- Letting fc — » 00 
in (|2.33 p . we obtain (|2.2 p for any £ G C^{Q T ). Thus u* = u^. Thus /i* = /i and /i is a 
good measure. Conversely, assume /i is a good measure. By Theorem 12.131 /i* = fx. Thus 
Ufc — > u* = tip and itfc — > in i 1 (fl) and a.e. in fl. Assume £ 6 C/o(Qt)) £ > 0. We let 
/c — > 00 in (|2.33 p and derive 

lim / / gk{uk)C dx dt = / ( dfi + / / (dC, + AQ u^dx dt = I I g^^C dx dt, 

k^oo J J q t J n J J Q T J J Q T 

(2.49) 

by (|2.2 p . Because {gk(uk)} is uniformly bounded in L^(Qt), the result follows by density. 

□ 

As in [5] an easy consequence of Theorem 12.131 is the following result which points out 
the fact that fx and ll* differ only on a set with zero N-dimensional Hausdorff measure. 

Corollary 2.15 Let ll € 9Jl\ (il). There exists a Borel set E C ft, with Hausdorff measure 
H N {E) = 0, such that {ll - ll*){E c ) = 0. 

Proof. Let ll = fx r + ll s be the Lebesgue decomposition of fx, \x r (resp. ll s ) being the 
absolutely continuous (resp. singular) part relative to the Hausdorff measure H in K . 
Both measures are positive. Since ll t € L^(Q), it is a good measure. Then /i r < ll* by 
Theorem Therefore 

< ll — tx* < fx — fx r = [x s . 

Since ll s is singular relative to H N , its support E satisfies H N (E) = 0. This implies the 
claim. □ 
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Corollary 2.16 Let n 6 Wt\(Q.) such that fj,(E) = for any Borel set E C Q with H N (E) = 
0. Then fi is a good measure. 

Proof. Let E C n is a Borel set with = 0, then fj, r (E) = 0. Since m(-E) = 0, it 

implies ^. S {E) = 0. Because the support of Ms is a set with zero N-dimensional Hausdorff, 
H = /i r = fi* . □ 

Theorem 2.17 Let //i,//2 £ 9Jli_(f2). I/mi < M2, then //* < mI- Furthermore 

A*2 - M* < M2 - Mi- (2.50) 

Proof. For > let u = Ufe^ (i = 1,2) be the solution of 

dfU — Am + gk(u) = in Qt 

u = in o^Qt (2.51) 
u(., 0) = Mi in fl. 

Since /ii < M2, Wfc.i < Mfc,2- By the convergence result of Theorem l2.12l the relaxed solutions 
u* satisfies u\ < u\. Since fi* = Tr n (u*), it follows fi* < \x\. We turn now to the proof of 
(12.50 p . If C £ C 2:1 (<5t)i C > 0, which vanishes on deQt, we have from the weak formulation 



(— (Ufc,2 - Uk,l)(d t ( + AC) + C(fffe("«2) - 5fc(«2))) dzeft; 

= / 0)d(//2 - Mi) - / C0M)C"fc,2 - Uk,\)dx 

We fix £ G Co(f2), £ > and choose for £ the solution of 

f 5 t C + AC-0 ing f 

( = on . 

C(M)=£ infi, 
Then, letting k — > oc, we derive 

(ua -i£)(:M)fdx < / C(a:,Q)dO"2-jUi). 



Finally, if f — > 0, using the trace property and the fact that C( x , 0) — » £ in Co(fi), we obtain 

&(P2 ~ Mi) < / ^(M2 - Mi)- 



This implies (|2~50~|l . □ 

Corollary 2.18 If fi is a good measure, any positive measure v smaller than n is a good 
measure. 
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Proof. Let v G m\((l), v < fi. By 

< v-v* < fi-fx*. 

Thus fi = fi* ===> v = v* . □ 

Corollary 2.19 Let fi±,fi2 G 9Jt+(f2). // /ii and /i 2 are good measures, then so is 
mi{fii,fi 2 } sup{/^i,^ 2 }- 

2- If E cil is a Borel set and fi G Wl]_£l), (i*\e = [m|b]* 

5- Assume that fi\ and /i 2 are mutually singular. Then {fi\ + /i 2 )* = Mi + M2- 

Proof. 1- The fact that inf{/ii,/i 2 } is a good measure is clear from Corollary 12.181 Let 
v = sup{/ii, /i 2 }. Then /ii < i/* and /i 2 < 1/*. Then v = sup{/ii,/i 2 } < z^*. 

2- We recall that /4e(A) = fi(E n A), for any Borel subset A of fi. We can also write 
IAe = XeI 1 - Since /1 > /i*, x E M X E M* and also M* > XeI 1 * ■ Thus x E M* is a good measure 
and [x E lA* > XeI 1 * b y Theorem [2T3] Conversely, [x E lA* — XeI 1, implies that x E ix E lA* = 
[X E (4*- But XeI 1 — M implies [x e m]* < M* and therefore [x b m]* = X b [x e m]* < X b M*- 

3- If /Lti and /x 2 are mutually singular, then so are fi\ and fi* 2 . Actually, fi\+fi2 = sup{/^i, fi 2 } 
and fi\ + fi 2 = sup{/^, /i 2 }. By assertion 1, [supj/i^, fi 2 }}* = sup{/ij, fi 2 }. Then /ij + /i 2 is a 
good measure smaller than /ii + fi 2l thus M* + M2 ^ (mi + M 2 )*. Conversely, there exist two 
disjoint Borel sets A and B such that /Hi = XaMi and /x 2 = x B M2 and fi\+fi2 = XaMi+XbM2- 
Thus Oi + // 2 )* = (XaMi + X B M2)* and XaOi + M2)* = (XaMi + X.4M2)* = XaMi = Mi- 
Similarly, x B Oi + M2)* = (XsMi + X B M2)* = X B M2 = Ml- Since 

Ox +M2)* = XaubOi + M2)* = XaOi + M2)* +X B Oi + M2)*, 

the result follows. □ 

Theorem 2.20 TTie set G n (g) is a convex lattice. Furthermore 

[M{H,v}]*=inf (2.52) 

and 

[sup{^, v}]* — sup{/ii*, z^*}. (2.53) 

Proof. For the sake of completeness, we present the proofs of these assertions which actually 
the ones already given in [3J. Let fi%, fi 2 G G n {g) and f = sup{/zi, M2}- Since /Ltj < it follows 
from Theorem 12.171 that fii = fi* < v* . Thus sup{/ii,/i 2 } < v* which reads v < v* , and 
equality follows. Next, assumed G [0, 1]. Then^g = 0)fi2 < ^ = sup{/ii, /i 2 }- Since 

z/ G G n (g), and any measure dominated by a good measure is a good measure, fig G Q n {g). 
It follows by Theorem 12 . 131 that fig — fig. 

Next, by Corollary |2.19i [inf{/x*, v*}} is a good measure. Since [inf{/x*, v*}} < [inf{/x, z>}], it 
follow by Theorem l2~13l that 



in: 



f{^V*}<[inf{//, !/}]*. (2.54) 



Conversely, 

infO, v} < fi ==> [m{{fi, v}]* < fi* , 
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and similarly with v. Thus [inf{/x, z/}]* < mi{fi* , v*}. 

For the last assertion, by Hahn's decomposition theorem there exist two disjoint Borel sets 
A and B such that Q — AL)B and sup{/x, v} = \ A A* + X B v - Actually, fx > v on A and v > \i 
on B. This implies also sup{^*, v*} = x A V* + X B V * ■ Thus, by Corollary |2.19l 

[sup{^, v}]* = (x A H + Xb v Y = XaP* + Xb v * = sup{^i*, j/*}, 
since sup{x A M*> Xb v *} = sup{/x*, j/*}. □ 
Theorem 2.21 Let ft, v e Tl\. Then 

\p*-v*\ < \n-v\. (2.55) 
Proof. We first assume n>v. By Theorem 12. 171 

< - v* < n - v. 

This implies (|2.55 p . Next we write sup{/i, is} = v + [p, — Since v < sup{jti, v}, 

v* < [sup{/i, v}]* = sup{ju*, v*} by Theorem I23U1 Thus 

[sup{/i, v}]* — v* < sup{/j,, v} — v = (/j — v)+. 

Thus implies (/x* — ^*)+ < (a* ~ Similarly (i/* — < — /•*)+• D 

In order to characterize the universally good measures, we introduce a capacity natu- 
rally associated to the weak formulation of problem (|2.2 p . This yields to a capacity type 
characterization of H N . If K c is compact, we denote 



ca{K) = inf { I I \d t ip + Aip\ dxdt : 

" 21 1 (2 ' 56) 

tp € Cg' (Qt), ip{%, 0) > 1 in a neighborhood of K > . 



Theorem 2.22 For every compact K C O, we /lave 

= co(^). (2.57) 

Proof. Let if C f2 be compact. 

5Aep i. We claim that for any e > 0, there exists = ip € C^'o(Qx) such that ?/> > in 
<5t, ip(x,0) > 1 on if and 

|9t^ + A-0| dxcft < c n (iT) + e - (2.58) 

r 

Let £ e C^q(Qt) such that £(£,0) > 1 on K and 

|&£ + Af| efeeft <c n (K) + e/2. 



1G 



Let {77^} be a regularizing sequence depending only on the space variable and such that 
the support of rjj is contained in the ball B e , with e 3 ; — > as j — > 00. If we extend £ in 
R N x [0, T] as a C 2 ' ^function, we set 

/ i (i > t)=T? J *|fte + Ae|(a:,t)= / Vj(x-V)\dt£ + A£\(y,t)dy. 

Jn 

If j — » 00, {/j} converges to |8t£ + A£| uniformly in Qt- Let be the solution of 

d t Vj + Avj = - fj in Qt 
Vj =0 in diQr 
Vj(.,T) = Q in 0. 

Clearly Uj > in Qt- Let u be the solution of 

' d t v + Av = - \d t £ + Af| in Q T 
w = in c^Qt 
u(.,T)=0 in a 

By the maximum principle v > max{(, 0}, thus v(x, 0) > 1 on K . Because Vj(x, 0) — > v(x, 0) 
uniformly on Cl, for any < a < 1, we can fix j a such that Vj a (x, 0) > a on if and 
ll/i«ll L i (Qr) < ||flt£ + A ?IIli(q t ) + £ / 4 - Next V'a = a- 1 ^. Then ijj a > in Q T , and 
ip a (x, 0) > 1 on if. Moreover 

l^tV'Q! + A^q,| dxcii = a -1 / / l^t^ja + A- V j a I ^rfi 

J J Q T 

<a- l ((( |<9 t £ + A£| dadt + e/A 

\J J Qt 

< a" 1 M^) + 3e/4) . 
c n (if)+3e/4 



Next wc fix 



a 



and derive (|2.58 p . 
Siep 2. There holds 



cn(*0 + e 

H N (K)<c n (K). (2.59) 



From (g353 , 

/ / - Aip) dxdt< / / |d t V> + dxdt < cq(K) + e. 

J J Q T J J Q t 

But 

/ / (-d t ip - Aip) dxdt= f ip(x,0)dx - f f ^-dSdt > H N {K) 

J J Qt Jn J J d e Q T " n 
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since ip(x, T) = 0, ip(x, 0) > 1 on K, and the normal derivative of ip on OiQt is nonpositive. 
This yields to (|2.59 p because e is arbitrary. 

Step 3. For any e > there exists ip £ C/ (Qt) such that < ip < 1 + e in Qt, ip(x, 0) > 1 



on K and 



\d t ip + Aip\ dxdt < H N {K) + e. 



(2.60) 



For S > let K s = {x £ R N : dist (x, K) < 6}. By the regularity of H N , we can choose S 
small enough such that 



H"(K B nSl) <H"(K) + e/5 



We fix £ £ C^(Qt) such that < £ < 1 and 



1 if x £ K S /2 
if x £Q\K S . 



Let cr > and 



Pa(x,t) 



1 



Since |£ t + A£| (x,i) = a. e. on {(x,t) : = 0} and {(x,t) : p<y(x,t) > 0} C ft X [0, a], 

we can choose a such that 



// 



d t Q T n{(x,t):i< P<T } 



Hi 

dn 



dSdt 



{(x,ty.t< P<7 } 



|& + A£| cfecft < e/5. 



We set u = p a — {p a — £) + . Because pa is independent of a;, the argument developed by 
Brezis and Ponce [3] applies in the sense that Au(.,t) £ 97t(ft) and Au(.,t) = A£(.,i) on 
{x : £(x, t) < Pa{t)} and more explicitely d t u + Au = 9 t £ + A£ on {(&, i) : £(x, t) < p a (t)}- 
In addition 

d t u = d t pa - sign + (p CT - £)(d t pa - d t £), 

and dtu = dtpa a.e. on {(x, t) : t) > p a (x,t)}. Because p a is decreasing, we finally 
obtain 

d t u + Au < on {(x, t) : £(x, t) > p a (x,t)}. 
We notice that dtu is bounded, and, following [4], 



\d t u + Au\\ dn = (d t u + Au)x { a>p a } 
(d t u + Au) X{( >p„} 



an 



(d t u + Au)x {4<P(T } 



an 



< 



< 



d(d t u + Au) + 

{«>p„} 

d(d t u + Au) + 2 



- / / d{d t u + Au) + 2e/5. 

J J Qt 



|<9£ + A£| dxeft 
|<9£ + A£| cfecft 

{i<p„} 
{«<p-} 



(2.61) 
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Next, by definition, 

d(d t u + Au) = - I I u{d t l - Al) dxdt- I (u(x, T) - u(x, 0))dx 



Qt 



d e Qr 



^dSdt 
on 



(2.62) 



We finally derive 



= / u(x, 0)dx — [ [ —dSdt 
Jn J J a e Q T 9n 

£(x 1 0)dx+ [ ( ^-dSdt 
<H N (K s )/ + e/5 
< H N (K) + 2e/5. 



\d t u + Au\\ m <H N {K)+4e/5. (2.63) 

Next, we smooth the measure \d t u + Au| using a space convolution process with the same 
r)j, as in Step 1. One can construct a function ip G C^'q (Qt) such that 0<7/><l + ein Qt, 
ip(x, 0) > 1 on K and 

(( \d t il) + A^dxdt < \\d t u + Au\\ m + e/5. (2.64) 

J J Qt 

Combining (|2.63 |) and (12.64 p . one derive (12.60 p . 
Step ^. There holds 

cn(K) < H N {K). (2.65) 

Actually, (|2.60 |) implies 

Letting e -» yields to ([23S~|) . □ 

Thanks to this result we are able to characterize the universally good measures. 
Theorem 2.23 Let n G m\(Q). If fx G £ n (g) /or any function g satisfying 112.1 ]) , then 

M e ip(fl). 

Proof. We follow essentially the proof of [H Th 7] . 

5£ep i. We claim that for every Borel set £ C fi, such that H (£) = 0, there exists 
a continuous function 5 verifying (|2.1 [) such that /i* = for any fi G SUti_(fi) satisfying 
M (S C )=0. 

Let {ifjIjgN* be an increasing sequence of compact subsets of £ such that if = UjKj and 



/i(S \ if) = 0. Since H (Kj) = for any j > 1, it follows from TheoremE22] [Step 3], that 
there exists ipj G C t ' (Qt) such that < ipj < 2 in Qt, V^'O^ 0) > 1 on if,- and 

\d t if)j + Aip j\ dxdt < 
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In particular, 

\dttpj + Atpj\ — » a.e. in Qt, 

and, since ipj solves 

d t ipj + Aipj = ej in Q T 
ipj{x, T) = in Q 
ipj(x,t) = on OiQt 

with ej — > in L x (Qt) it follows ipj — > in L x (Qt) and a.e.. Furthermore there exists some 
G 6 L^Qt) such that 

P - I \dti> 3 + MA<G VjeN*. 

By a theorem of De La Vallee-Poussin noticed in [5], there exists a convex function 
/i : (— oo, oo) i — ► [0, oo) such that h(s) — for s < 0, /i(s) > for s > 0, 

lim ^ = oo and /i(G) G L^Qt). 

Let g = /i* be the convex conjugate of h. We denote by p* = p*(g) the reduced measured 
associated to g. Since p* G G n (g), we denote by it the solution of the corresponding initial 
value problem. Taking ipj as a test function in (|2.2 [) . wc obtain 

(-u(d t ipj + A-0j) + V^M) dxcft = / tpj(x,0)dfi*. (2.66) 

We first assume that p € 9Jt°(fi), thus we can take 1 as a test function (this is easily 
justified by approximations) and obtain 

g{u)dxdt = I dp,*. (2.67) 

J J Qt Jn 

Therefore 

H*{Kj)<j[ {-u(d t ipj + Aipj) + ipjg(u))dxdt (2.68) 

J J Qt 

and 

\-u(d t 1pj + Aipj) + lP j9 (u)\ < \Ml±MA up + ^,g{u) 

< h (p- 1 \d t ipj + Aipj \)p + g(u)p + ip j9 {u) ( 2 - 69 ) 

< h(G)p + Cg(u) 

By Lebesgue's theorem, the right-hand side of (|2.68 P tends to when j — > oo. Thus 
H*(Kj) = 0, for any j G N*, and finally /z*(E) = 0. 

Next we assume /i G 9Jt 1 (il). Then there exists an increasing sequence of p n G 5Dt°(£l) 
with compact support in f2 such that p n | /x. Using what is proved above, /x*(E) = 
and, by Theorem 12.171 pf < p — p n , thus //*(E) < (/i — /i n )(E). Letting n — > oo implies 
M*(S)=0. 

5"tep 2. If /i G 9Jl^(fi) is good, for any Borel set E C O, with ii^-^E) = 0, we denote 
v — Hs- Then there exists g v such that g* = 0. Since v < p, v G G (g), thus ^ = ^* = 
and finally, p(S) = 0. Thus /i G LUVL). □ 
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3 The Cauchy-Dirichlet problem 

In this section is again a smooth bounded domain in M. N and p(x) = dist (x, dfl). Wc 
denote by £DT(9^<2t) the set of Radon measures in dgQr and by 9JI+(^Qt), the positive 
ones. The function g is supposed to satisfy (|2.1 [) . We consider the Cauchy-Dirichlet problem 

d t u - Au + g(u) = in Q T := D, x (0,T) 

u = ^ in 3(Qt '■= dVl x (0, T) (3.1) 
u(.,0)=0 infi, 

Definition 3.1 Let S OTT+^Qt)- ^4 function u G L 1 (Qt) *s a u>eafc solution of S3.1 )) if 
g(u) e L} p {Q T ) and 

(-ud t C - uA( + C g{u)) dx = - f f^d/i, (3.2) 
for every C S Co'^Qt)- 

Solutions of (|3.1 P are always unique; sufficient conditions for existence are developed in 0. 
We define, similarly to the cases of the initial value problem, super and subsolutions of !3.1 \ 
In which case, the equality sign in !3.2 l is replaced by > and < respectively, the integrability 
conditions on u and g{u) being preserved. As simple example for existence of a solution it 
is the case when g satisfies 

g{F H [p](x,t))p{x)dxdt < oo. (3.3) 

In this formula ¥ H [//] is the Poisson-heat potential of \x in Qt, that is the solution of 

d t v — Av = in Qt 

v = p in OiQt (3.4) 
v = in f2. 

Definition 3.2 ^4 measure p for which problem 13.1 )) can be solved is called a good measure 
relative to g for the Cauchy-Dirichlet problem. The set of good measures is denoted by 
Q dt ^ T {g), and a universally good measure is a measure which belongs to G de< ^ T (g) for any g 
satisfying 12.1 ]) . 

The notion of lateral trace is defined in [9 . For j3 > 0, we denote 

flp = {x e fi : p(x) < /3}, !!^{ie!!: p(x) > (3} and E^ = dflp. 

We shall also denote £ = Eo = dSl. There exists f3o > such that for any (3 € (0, 0q], the 
mapping x G tip t— * (a(a;),p(x), where cr(x) is the unique point on dfl which minimizes the 
distance from x to <9f2, is a C 2 diffeomorphism from tip to E x [0,/3o]- If </> G Lj^deQr), 
we denote 4>^(x,t) = </>(cr(iz;),i), for any a; G E^ and c£<S/3 is the surface measure on Y>p. for 
the sake of simplicity 
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Definition 3.3 Let u € L] oc (Qt)- 1- We say that u admits the Radon measure [i £ 
^■+{9iQt) as a lateral boundary trace if it exists 

esslim/3-o / / dSpdt = f f tf>dfj, 6 C (1Z). (3.5) 

JO JT,p J J d e Q T 

We shall denote ii = Trg e Q T (u). 

2- We say that u admits the outer regular Borel measure v « (£, \i) as a lateral boundary 
trace if it exists an open subset 1Z C diQr and fi £ 371+ (7Z) such that 

esslim^^o / / dS^dt = oo V0 £ Co(c^Qt), 4> > 0, 4> > somewhere in S, (3.6) 

with S = de \ 1Z. We shall denote v = Trg e Q T (u). 

Propositions 2.5, 2.6, 2.7, 2.8 and Theorem 1 2 . 1 1 1 are still valid, if we replace the notion of 
initial trace by the notion of lateral boundary trace. The new version of Theorem 12. Ill is the 
following. 

Theorem 3.4 Let u be a nonnegative subsolution of 13.1 \) . Then the lateral boundary trace 
of u is a positive Radon measure fx such that fx < fi. Furthermore, if 13.1 |) admits a weak 
solution there holds u < u^. 

We consider now a sequence of functions gk satisfying (|2.42 p . For any positive Radon 
measure /i on diQr, it is possible to solve, with u — Uk, 

dtu — Au + gk(u) = in Qt 
< u = fi in 8iQt (3.7) 

u(.,0) = in to. 

The following result is proved as Theorem l2.12l 

Theorem 3.5 When k — > oo, the sequence {uk} converges in L 1 (Qt) to a some nonnegative 
function u* such that g{u*) 6 L^(Qt) and there exists a positive Radon measure li* smaller 
that /J, with the property that 

d t u* - Au* + g(u*) =0 mQ T 

u* = ll* in diQ T (3.8) 
u*(.,0) = into. 

Furthermore u* is the largest subsolution of problem \3.1 )) . 

Mutadis mutandis, the reduced measure /i* on the lateral boundary inherits the prop- 
erties of the reduced measure at initial time and the assertions of Theorems 2.13, 2.14, 
Corollaries 2.15, 2.16, Theorem |2~T7I Corollaries 2.18, 2.19 and Theorems 2.20 and 2.21, are 
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valid in the framework of the lateral bondary reduced measure. The main novelty is the 
intruction of a new capacity on deQr- If K C OiQt is compact, we denote 

c atQT (K) = inf ( / / \dti> + A^| dxdt 

: i> G Cn' n (Qt), — tt" > 1 in some neighborhood of K 
dv 

Theorem 3.6 For every compact K C OiQt, we have 

H N (K)=c deQT (K). (3.10) 

Proof. Let if c diQr be compact. 

5<ep 1. For any e > there exists ip € C^q (Qt), ip > such that —dip(x,t)/dv > 1 in some 
neighborhood of K. 

Let £ € C^q(Qt) such that —dip(x,t)/dv > 1 on if and 

|^ + A^| dxdt<c 9eQT (K)+e/2. 

r 

We extend £ as a C 2 ' 1 (R JV x [0, T])-function and define fj, Vj and v in the same way as in 
the proof of Theorem l2.22[ Step 1. Since fj — » + A£ uniformly in Qt, 

dvj dv 
dv dv ' 

uniformly in Qt- Since v and £ vanishes on OiQt and at t = T, v > £, thus 

< < on fi!jQ r , 

and —dv/dv > 1 in some neighborhood of K. For a £ (0, 1) we fix j such that —dvj Q jdv > 
a on K and 



|a t Wj + Au io | dxdt < / / |d t £ + A£ | da; eft + e/4. 

J J Q T 

We set ^ = a^Vjo and get 

f f \d£ + ^\dxdt<or l {c atQT {K)+Ze/±). 

J J Qt 

We end the proof as in Theorem 12.221 Step 1 . 

Step 2. In this step we follow essentially the proof of [H Lemma 8]. For any e > there 
exists ip € C^' (Qt), such that < -0 < e, —&ip(x,t)/dv > 1 in some neighborhood of K 
and 

r r .. ih 

<l + einQ T . (3.11) 



\d t ip + AV>| dx dt < H N (K) + e and 

Qt 
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Let S > and N S (K) = {(x, t) : dist ((x, t),K)}, be such that 

H N (N S (K) n d t Q T ) < H N (K) + e 

We take £ € C^ 1 (Or) such that £ > in Q T , d£/dv = -1 on N s/2 (K)nd t Q T and 9^/5^ = 
on c^Qt \ N$, < —d^/dv < 1 and £/p < 1 + e, we first take a > small enough so that 

^ dSdt+ f f + Af | rfx eft < e, 



a«QTn{?<a}^ I/ J J Q T n{e<a} 



and set u = a — (a — £)+. Then, the same method as in Theorem 12. 221 -Step 3 yields to 

\\d t u + Au\\ m <H N (K)+4e/5. (3.12) 
The conclusion of the proof is similar. □ 

By an easy adaptation of the proof of Theorem l2.23l we have the following characterization 
of the universally good measures. 

Theorem 3.7 Let fj, e Wl+(d e Q T ). If H 6 Q dlQT (g) for any function g satisfying (2.1 ]) . 
then [i S L 1 (deQr). 
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